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Interpretation of scaling properties of electroencephalographic fluctuations via spectral analysis
and underlying physiology
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Detrended fluctuation analysis has recently demonstrated the existence of two approximate temporal scaling
regimes in locally detrended human electroencephalographic~EEG! fluctuations, and has suggested a connec-
tion between the location of the breakpoint between regimes and the alpha resonance near 10 Hz. It is shown
here that these scalings can be explained in terms of the filtering of the underlying power spectrum implied by
the detrending process. Using a recent physiologically based model of EEG generation, the main features of the
scalings, and deviations from them, are related to the underlying physiology of dendritic propagation and
muscle electrical activity, and it is concluded that the effects of such physiological features are usually clearer
in spectra.
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I. INTRODUCTION

Electroencephalographic~EEG! measurements are widel
used to probe brain dynamics@1,2#, but have traditionally
been analyzed only qualitatively, or via phenomenologi
measures@3#. In recent years, numerous tools have been u
to quantify EEGs from a signal-analysis perspective, m
recently via detrended fluctuation analysis~DFA! @4–6# of
scaling properties of root-mean-square fluctuations with
spect to detrended EEG time series@7,8#. This numerical
analysis revealed two temporal scaling regimes of EEG fl
tuations, separated by a breakpoint near 0.1 s. The sca
exponents in these regimes were found to be quite varia
with potential implications for the classification of EEGs in
subtypes@7#.

This paper examines EEG scaling properties from t
perspectives. The first part of the analysis shows that
scaling properties can be derived from generic propertie
the EEG power spectrum, and that the asymptotic expon
of the DFA temporal scalings are universal. The scal
properties are shown to arise from a weighted integral o
the power spectrum, with the weighting corresponding to
filtering implicit in the detrending process. In the second p
of the analysis, it is noted that, superposed on the asymp
scalings are variations that correspond to structure in
power spectrum. These are interpreted in terms of the un
lying physiology using a recent theory of EEG generat
that has been found to yield excellent agreement with ob
vations of EEG spectra@9#, evoked response potentials@10#,
and other phenomena@11#. The breakpoint between scaling
is shown to be related to dendritic time constants, rather t
the alpha frequency, as was originally asserted@7#. Indeed,
because of the averaging implicit in DFA, the main effe
arise from gross changes in spectral shape, rather than
narrow peaks like alpha. Changes in spectral slope and e
tromyographic~EMG, due to muscular electrical activity!
contributions are consistent with observed departures f
the asymptotic scaling exponents in the regime investiga
in Ref. @7#, and with the resulting variation in numericall
determined values.
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II. THEORY

A. Scaling properties

Denoting the EEG time series byf(t), detrended fluctua-
tion analysis proceeds by dividing the whole time series i
windows of lengthT. In each of these windows, centered
T0 for example, the best linear least-squares fitf̃(t;T,T0) is
computed. The mean square deviationF2(T) betweenf(t)
and the best linear least-squares fit is then calculated
function of T, after averaging overT0 @7#. This gives

F2~T!5K 1

TET02T/2

T01T/2

@f~ t !2f̃~ t;T,T0!#2dtL , ~1!

where the angular brackets denote the average overT0.
The quantityF(T) has been found to have two scalin

regimes: a roughly power-law increase at smallT, followed
by a flattening atT*0.1 s@7#.

B. Analysis via the power spectrum

It is straightforward to calculateF(T) via integrals over
the power spectrum. If we use a bar to denote the averag
a quantity over an interval of lengthT, centered atT0, then
the best linear least-squares fit is

f̃~ t;T,T0!5a1bt8, ~2!

a5f̄, ~3!

b5t8f̄/t8 2̄, ~4!

512t8f̄/T2, ~5!

with t85t2T0. We then find

F2~T!5^f22f̄2212~ t8f̄ !2/T2&, ~6!

where we have noted that^f 2̄&5^f2&.
©2003 The American Physical Society02-1
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The terms in Eq.~6! can be evaluated by replacingf(t)
by its Fourier representation in the average overT and ex-
changing the order of integration before averaging overT0.
This gives

f̄5E dv

2p
f~v!e2 ivT0sinc~vT/2!, ~7!

with sinc(x)5sin(x)/x, and where the bounds of integratio
are6`. Hence,

^~f̄ !2&5E dv

2p
uf~v!u2sinc2~vT/2!, ~8!

which is simply a weighted integral over the power spectr
of f. A similar calculation yields

^~ t8f̄ !2&5E dv

2p
uf~v!u2Fdsinc~vT/2!

dv G2

, ~9!

^f2&5E dv

2p
uf~v!u2, ~10!

the last result simply being a statement of Parseval’s th
rem. Overall, we thus find

F2~T!5E dv

2p
uf~v!u2F12sinc2~vT/2!

23H dsinc~vT/2!

d~vT/2! J 2G . ~11!

The form of the weight functionW(vT/2) in the square
brackets in Eq.~11! is shown in Fig. 1. It has an approx
mately quartic form forv&8/T, with small and diminishing
oscillations just below unity thereafter. The scaling prop
ties of F(T) thus depend on whether the power spectr
uf(v)u2 is concentrated in the quartic regime ofW, or sig-
nificantly overlaps the near-constant regime. If the pow
spectrum is concentrated atuvu&vc , wherevc denotes a
characteristic upper bound in frequency, then two regim
exist:

F~T!5T2@^~d2f/dt2!2&/720#1/2, ~12!

FIG. 1. Weight functionW(z) vs z, with z5vT/2.
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F~T!5^f2&1/25const, ~13!

for T&8/vc and T*8/vc , respectively. The exponents o
these asymptoticT dependences are universal, provided t
integral in Eq.~11! converges, as it must for any physic
system. However, departures can occur over substa
ranges if there is a 1/va dependence~with a constant! at low
~but nonzero! frequencies, or a slow power-law falloff in th
power spectrum at high frequencies.

A previous analysis showed that the DFA curve tends
flatten at largeT, with a scaling exponent that was typical
small ~usually ,0.1 and always,0.5), but somewhat un
certain owing to the relatively small range of scales ov
which it was determined experimentally@7#. The small-T
scaling exponent was found to be more strongly variab
and more uncertain, with values scattered between roug
0.2 and 1.5, and a mean slightly below 1. However, exa
nation of Fig. 2 of Ref.@4# shows that the slope varies sig
nificantly with T in each dataset, with signs of steepening
the smallestT. As we will see below, the deviations from th
mean behavior that appear to cause much of the scatter in
numerically determined exponents@7# arise from gross fea-
tures in the power spectrum that are sufficiently broadban
strongly affect the behavior of the integral.

C. Analysis via neurophysical modeling

We recently developed a physiologically based model
EEG generation that predicts the power spectrum from qu
tities such as corticothalamic connectivities, synap
strengths, dendritic time constants, neural conduction spe
axonal ranges, and the effects of the EMG artifact@9–13#.
These predictions have succeeded in reproducing spectra
variety of brain states, and the model also reproduces a
riety of other EEG phenomena@9–11,13#. The details of the
model are given in the references just cited, so we do
repeat them here. The theoretical expression for the s
spectrum is

P~v!5PEEG~v!1PEMG~v!, ~14!

PEEG~v!5P0U L2

~12GeiL !~12GsrsL
2!
U2

u

q2r e
2sinu

,

~15!

PEMG~v!5
A~v/vEMG!2

~11v2/vEMG
2 !2

, ~16!

where

q2r e
25~12 iv/ge!

21
1

12GeiL

3FGeeL1
~GeseL

21GesreL
3!eivt0

12GsrsL
2 G , ~17!

L~v!5~12 iv/a!21~12 iv/b!21, ~18!
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u is the complex argument ofq2, t0'80 ms is the time taken
for signals to travel from the cortex to the thalamus a
back, a'60 s21 and b'4a are dendritic rate constants
ge'120 s21 is a characteristic damping parameter of co
cal signals,r e'80 mm is the characteristic excitatory axon
range, theG’s are gains for the transmission of signals i
volving various populations of neurons, withGee'4, Gei
'26, Gese'9, Gesre'25, Gsrs'21, A/P0'0.02, and
vEMG'150 s21 is the characteristic EMG frequency; th
parameter values are similar to those used in the papers
in this section. The parameterP0 is an overall normalization
which is not relevant here and is set to unity for simplici
The effects of volume conduction are neglected in Eq.~14!–
~18! as they are not essential for the illustrative purpo
required here; however, volume conduction attenuates h
wave-number~and, hence, high-frequency, via the EE
wave dispersion relation! parts of the EEG spectrum, but no
the EMG spectrum. This strengthens the conclusions be

Figure 2 shows illustrative spectra calculated from~14!–
~18! for the above parameters, with and without the EM
activity. One key feature illustrated in Fig. 2 is that the mod
relates the alpha peak to the fundamental resonance of c
cothalamic feedback loops, with a frequencyf a'1/t0
'10 Hz @9,11#. There is also a knee in the spectrum, due
low-pass dendritic filtering below a frequenc
'(ab)1/2/(2p), corresponding to about 15 Hz for the abo
parameters@9,12#. EMG activity has a small peak relative t
the EEG activity, and contributes only 5% of the total act
ity in this example.

Figure 3 shows the detrended fluctuation transforms of
two spectra in Fig. 2, computed via Eq.~11! with an upper
bound atv5200p s21 to accord with the experimental filte
settings@7#. In the pure EEG case, we see a rapid switcho
between the scalings~12! and ~13!. Figure 4 shows that this
occurs at a value ofT that varies approximately inversel
with a ~and, hence, withb54a). In contrast, further nu-
merical investigations show that there is hardly any variat
with t0, and that enhancing or suppressing the alpha p
also scarcely affectsF(T) because of the smearing effects
the integration in Eq.~11!.

Figure 3 also shows the effects of EMG activity in a typ
cal frequency range and at a level that is realistic, but so

FIG. 2. Illustrative spectra from a physiologically based EE
model, for the parameters in the text, with EMG activity~solid
curve! and without EMG activity~dashed curve!. The EMG spec-
trum is also shown~dotted curve!.
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what above what is ideally achievable@13#. EMG activity
introduces a region of intermediate scaling with smaller
ponents forT in the tens of milliseconds, in accord with th
data from Fig. 2 of Ref.@7#, the trends in which are over
plotted. Although the authors of Ref.@7# took precautions to
eliminate head movements~which generate EMG activity in
neck muscles!, jaw and facial muscles can yield significa
contributions unless the subjects are very carefully instruc
to relax them, and succeed in doing so@13#. These contribu-
tions are also likely to vary with respect to the electrod
with minimal EMG activity near the crown of the head~the
Cz electrode in the International 10-20 System!, thus plausi-
bly accounting for both the scalings observed in this ran
and their relatively high interelectrode variability@7#. In the
presence of significant EMG activity, the results here imp
that larger exponents should be found near the crown of
head than at electrodes nearer ear level, forT in the tens of
milliseconds.

III. CONCLUSION

In summary, detrended fluctuation analysis of EEG s
nals has been examined from a spectral viewpoint, and
physiologically based modeling. Asymptotic exponents
universal for any spectrum that has a sufficiently steep fal

FIG. 3. Rms detrended fluctuation amplitudeF(T) vs T for the
EEG and total spectra in Fig. 2~solid curve, with EMG activity;
dashed, without EMG activity!, compared with data from the thre
curves in Fig. 2 of Ref.@7# ~dotted curves, renormalized to a com
mon value!.

FIG. 4. F(T) vs T without EMG activity for the parameters o
Fig. 2 apart froma5b/4520,60,200 s21 for the dotted, solid, and
dashed curves, respectively.
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at high frequencies to ensure convergence of the integra
Eq. ~11!. Intermediate-range exponents can differ fro
asymptotic values as a reflection of large scale features in
spectrum, whereas narrow spectral peaks have little ef
Hence, it is found that the main breakpoint in the scaling
related primarily to dendritic filtering, rather than the alp
frequency, as was previously suggested. Comparison
illustrative physiologically based spectra shows that smaT
departures from the asymptotic scalings are plausibly ass
ated with the EMG muscle artifact, even when presen
quite low amplitudes. This is due to the slower frequen
falloff of EMG activity and its characteristically higher fre
quencies.

The overall conclusion is thus that DFA gives useful
sights into physiological parameters, but that these tend t
d

s

.

n-

le
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less clear than in spectra, owing to the smearing effects
the integrations implicit in DFA. Large-T fluctuations and
corresponding marginal-stability scalings may also be pro
via spectra of detrended time series, by ensuring that tr
artifacts such as reference voltage drifts are minimized, o
magnetoencephalographic means that avoid such influen
In previous works, 1/f ranges evident in power spectra
low frequencies have been observed and related to sys
scaling behavior@13,14#.
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